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Abstract
The COVID-19 pandemics has shown relevant stochasticity in the spread of viral infection. Here, we formulate the dynamics of the epidemics spread as a stochastic SIR
model, handling the compartmental model (of the SIR type) as a set of chemical reactions,
and applying the Chemical Master Equation that describes the dynamics of the equivalent
stochastic chemical reaction system. In this way, the solution (evolution of the probability
distribution over time) can be obtained via the classical Stochastic Simulation Algorithm.
The proposed methodology has been used to predict the COVID-19 evolution in small and
medium size municipalities of Galicia.

1

Introduction

The spread of viral infectious diseases was typically modelled using the classical deterministic
SIR type compartmental models [3]. In these models the trajectories are determined by the
initial conditions and the inherent stochasticity of the process is not taken into account. Therefore, several stochastic models were proposed to address the prediction of COVID-19 evolution.
In this context, we reinterpret the transitions between each possible state of a SIR model (Susceptible, Infected, Recovered) as chemical reactions. This system is modelled using a Chemical
Master Equation (CME) which incorporates the inherent stochasticity of the COVID-19 infection process [4, 5]. We have tested this technique for small and medium municipalities in
Galicia using data of the Public Health System (SERGAS) and data of viral load in Wastewater
Treatment Plants (WWTP).
The CME is a widespread model used to represent stochastic biochemical systems, whose
solution is unavailable for most cases. We use a classical Monte Carlo method, the Stochastic
Simulation Algorithm (SSA) by Gillespie [2], which in each iteration produces an exact realization of the Markov Process, to approximate the solution of the CME. In this way, obtain not
only the probability density functions of the infected persons, but also a number of trajectories
of the infected persons evolution. Some of these trajectories are found to coincide exactly with
the data of daily infected persons provided SERGAS.
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Moreover, a more complex model is proposed, the SIRO model, aiming to incorporate
the data of viral load detected and quantified by RT-qPCR in Wastewater Treatment Plants
(WWTP). The population is split in Susceptible, Total Infected (estimated from the viral load
in WWTP), Observed (detected by SERGAS) and Recovered. We construct the associated
CME and solve it via the SSA, which allows forecasting the evolution of the number of infected
persons starting from the viral load detected in sewage the previous week [4, 5].

2

Mathematical modeling

According with SIR models for infectious diseases [3], we assume that the N individuals of the
total population can be split into the three categories S I and R previously described. These
three categories can be associated to the corresponding three model state variables, which are
related through the following set of reactions [4, 5]:
β

S

I

S + I −−N−→ 2I;

γI

I −→ R,

(1)

with β being the infection rate, γ the recovered rate, while S, I and R represent the numbers
of susceptible, infected and recovered persons, respectively.
The CME is a set of ordinary differential equations of the probability density function of
being in each possible state of the system. For a general set of r reactions and m species the
CME can be written as:
r

dP(n, t) X
=
tj (n + ν j )P(n + ν j , t) − tj (n)P(n, t) ,
dt
j=1

(2)

where P : Nm × R+ → [0 1] is the probability that there are ni molecules of each specie i for
i = 1, . . . , m at time t, tj is the propensity function and νj is the state change vector (see for
example [1]). The associated CME for the SIR model, set of reactions in (1), reads:
dP(n, t)
dt

=

S+1
S
IP(S + 1, I − 1, R, t) − β IP(n, t)
N
N
+α(I + 1)P(S, I + 1, R − 1, t) − αIP(n, t),

β

(3)

where n = (S, I, R) is the vector of states of the system, [0 N ] is a interval in N and P :
[0 N ]3 × R+ → [0 1] is the probability density function of the state n for any time t ≥ 0. The
solution of the CME, equation (3), is obtained by using several realizations of the SSA [2].

3

Results and Discussion

As an example of the performance of the stochastic SIR model presented, we show in Figures 1
and 2 the predictions obtained in Ares for a week period from dates 2020/12/31 to 2021/01/06.
The recovered rate α = 1/14 and the infection rate β = 0.14 have been previously calibrated
from data. The solution of the CME (3), has been approximated using 104 SSA realizations.
Comparing the simulations obtained with the data of new daily infected persons reported by
SERGAS we obtain several exact realizations, as plotted in Figure 1 (b). In Figure 1 (a),
we compared the mean of all realizations and their standard deviation (blue lines) with the
real data of cumulative infected persons provided by SERGAS (black squares). In Figure 2
we represent the CME solution, probability density distribution of the 14 days cumulative
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(b)

Figure 1: Cumulative infected persons for 14 days and new infected persons are depicted in
plots (a) and (b), respectively. The CME solution is approximated by 104 SSA realizations.
Mean and standard deviation (dashed lines) are depicted in (a), and one exact realization is
shown in (b), red squares. Black empty squares are the real data provided by SERGAS.

Figure 2: The histograms represent the CME solution approximated by 104 SSA realizations.
The vertical dashed line shows the cumulative infected persons provided by the SERGAS.
infected persons, together with the real data provided by SERGAS, for each day of the week
considered. Another dates, localities and stochastic models, as the SIRO to incorporate data
from viral load in sewage, can be simulated using the available scripts under GPLv3 license at
https://github.com/manuelpajaro/stochasticSIR_O [5].
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